A topology optimization method for phononic crystals is developed for the design of sound barriers, using the level set approach. Given a frequency and an incident wave to the phononic crystals, an optimal shape of periodic inclusions is found by minimizing the norm of transmittance. In a sound field including scattering bodies, an acoustic wave can be refracted on the obstacle boundaries, which enables to control acoustic performance by taking the shape of inclusions as the design variables. In this research, we consider a layered structure which is composed of inclusions arranged periodically in horizontal direction while finite inclusions are distributed in vertical direction. Due to the periodicity of inclusions, a unit cell can be considered to analyze the wave propagation together with proper boundary conditions which are imposed on the left and right edges of the unit cell using the Bloch theorem. The boundary conditions for the lower and the upper boundaries of unit cell are described by impedance matrices, which represent the transmission of waves between the layered structure and the semi-infinite external media. A level set method is employed to describe the topology and the shape of inclusions. In the level set method, the initial domain is kept fixed and its boundary is represented by an implicit moving boundary embedded in the level set function, which facilitates to handle complicated topological shape changes. Through several numerical examples, the applicability of the proposed method is demonstrated.
Introduction
Periodic materials designed for acoustic or elastic wave propagation are called phononic crystals. The significance of these materials results from the band structure with band gaps. Utilization of this property makes it possible to control the wave transmission in the material. Since the capability of such a structure strongly depends on the shape and arrangement of inclusions characterizing the periodicity, it is worthwhile to explore an effective layout. Many researchers have attempted to develop acoustic barriers by utilizing the band structure (Qjan et al., 2008; Vasseur et al., 1994) . The shape optimization method for the periodically distributed inclusion can be a useful tool for this task (Håkansson et al., 2004) . Sigmund and Jensen(2003) tried to find optimal shape of inclusions for maximization of the band gap using topology optimization methods.Recently, He et al.(2007) performed the level set method incorporating topological derivatives into shape derivatives to obtain layout as well as shape of photonic crystals. Although periodicity plays an important role in the insulation of waves, a barrier given by an array of scatters has a finite thickness. Therefore, it is valuable to know how to evaluate the transmitting waves through a barrier with finite thickness in the context of the shape design. Yamada et al.(2010) developed a level set-based topology optimization method for layers of photonic crystals imbedded in an infinite medium. In order to describe the radiation condition in semi-infinite domains locating on both sides of the barrier, they replaced the halfplanes to finite energy absorbing regions. This approximation needs excessive discretization of these regions to add to the unit layer. Since the optimization analysis involves a number of wave transmission analyses, the extension of the domain size results in the increase of computational cost. Abe et al. (2010) proposed a transmitting boundary for semiinfinite wave fields synchronized with the periodicity of a combined layer, which is applicable not only to homogeneous media but also to periodic structures. This is given by an impedance matrix composed of propagating wave modes. The transmitting boundaries are to be coupled with the lower and upper sides of the periodic layer.
In this research, a topological shape optimization method of phononic crystals for sound barrier is developed using level set methods. The purpose of design optimization is to get an optimal shape of periodic inclusions by minimizing the norm of the transmittance at given frequencies and an incident angle of waves attacking the phononic crystals. By deriving impedance matrix to consider transmittance of acoustic energy, we can define energy transmittance instead of band-gap concept as an objective function, and an optimal solution is guaranteed since energy measure is dealt. In this research, a layered structure is considered which is composed by inclusions arranged periodically in the horizontal direction while finite inclusions are distributed in the vertical direction. The distributions of inclusions are already determined and the shape of inclusion is considered as design to control acoustic waves.
The periodic boundary conditions are imposed on the left and right edges of the unit cell in a layer by using the Bloch theorem. The upper and lower ends which are for the transmission of waves between the layered structure and the semi-infinite external media are described by impedance matrices (Abe et al., 2010) . Once the impedance matrices have been obtained, one can analyze the wave propagation without any additional degrees of freedom. Moreover, since the impedance matrix is independent of the structure of the insulating wall, the reconstruction of the matrices is not required during the optimization process.
To describe complex shape of inclusions, the level set method is employed. In the level set method, the initial domain is kept fixed and its boundary is represented by an implicit moving boundary (IMB) embedded in the level set function, which facilitates to handle complicated topological shape changes. for ∈Ω x
where  is the sound pressure,  is the acoustic medium,  and  are adiabatic bulk modulus, material densities, respectively. The adiabatic bulk modulus is defined as     for  the speed of sound and the circular frequency . The boundary value on the obstacle is given by:
where  stands for the outward normal and  is the boundary of the scatteres. For a unit cell of the layer,   , the finite element equation is
where  is the nodal vector of the sound pressure,  is the flux vector,           ,  and    are stiffness and mass matrices degenerated based on the Bloch' theorem:
where    and    are sub-vectors consisting of nodes on the left and right sides of the unit cell, respectively.   is the horizontal component of a wave vector. In terms of sub-matrices of    , Equation (3) can be rewritten as
where    and    stand for sub-vectors corresponding to the bottom and the top of the unit cell.
   indicates the rest component vector. In this problem, we assume that there is no sound source in the domain. In Equation (5),     and     are unknown sub-vectors. In order to evaluate these unknowns, the compatibility and equilibrium conditions at the interfaces between   and   , and   and   can be considered :
where  
where     is an impedance matrix for upper semi-infinite   . Using the Equation (9), we can obtain upward transmitting   waves ( (c)), it can be described
where     is an impedance matrix for the top boundary of lower semi-infinite   .
In a similar manner, the transmitted wave which propagates in the upper semi-infinite   can be represented by
where    is an impedance matrix for the bottom boundary of upper semi-infinite   (Fig. 2(d) ). Substituting Equations (10) and (11) into Equation (8) and recalling that         , we can obtain the relation:
Using Equations (6), (7), (12) and (13), we can express Equation (5) in terms of the impedance matrices and incident acoustic wave such as
By solving Equation (14), we can obtain the acoustic wave field in sound barrier layer   , and analyze the acoustic wave transmittance through this barrier. We must note that additional degrees of freedom are not needed for the calculating the incident flux.
Derivation of impedance matrices
In the following, as an example, we will describe the outline of the derivation of the impedance matrix    . Let us consider wave propagation in a unit cell   , which is attached to the top boundary of   on the upper half-infinite region   .
Although, in this paper, a homogeneous acoustic field is assumed, impedance matrix developed by Abe et al.(2010) is applicable to periodic media.
The solution in the unit cell can be expressed by a linear combination of modes given by the eigenvalue problem: 
Due to the orthogonal property of the mode vectors, 
Substitution of Equation (19) into Equation (17) leads to
where   is composed of nodal components of the bottom and top sides of   . Rearranging Equation 
Using the Bloch theorem between top and bottom of the unit cell   such as
where the wave number component vector is given as      , and   is is the wave number relevant to   , and   is basis of the reciprocal lattice. Here, we set the top and bottom of unit cell   is perpendicular to   . Therefore, Equation (21) 
where, in general, the coefficient   is given by a complex number. The half of the eigen-modes travels to upwards, while the other half travels to downwards. Extracting the former modes and arranging them, we obtain the impedance matrix as
where  is the total number of eigen-modes. Here, the component of   and   for  1,2,…,/2 is corresponding to the degrees of freedom of bottom components of unit cell   . Other impedance matrix     can be derived in the same way as     .
Energy transmittance
The norm of energy transmittance is defined as the energy ratio of the transmitting wave to the incident wave, i.e. Im( ) 2
where Im( ) is the imaginary part of the a complex number. This velocity is obtained from the design sensitivity analysis(DSA) to meet optimum conditions.
Level set method

Shape design sensitivity analysis
In this section, we derive an analytical design sensitivity of performance function with respect to the shape change through level set function  using adjoint variable method(AVM). If we set the  amount of perturbed level set function in the direction of ,    is defined as
If we only consider the sound barrier layer   as design domain in Fig. 1 , the Equation (3) in perturbed design can be written as
The objective is to find the optimal scatter's shape to minimize the norm of sound energy transmittance defined in Equation (25) 
such that      .
The Lagrangian equation for Equation (31) can be composed as
where  is the positive Lagrangian multiplier and  is Heaviside function. The shape variation with respect to  Equation (30) can be
To delete implicit dependent terms in Equation (33), we can compose the adjoint equations as
where   and   are adjoint variables, and  and 
where  is dirac-Delta function. The design variation of Equation (30) is
Inserting Equation (36) into (35) gives 
Outside of scatter To decrease the performance measures, the design velocity for Hamilton Jacobi equation can be determined as
The Lagrangian multiplier  is determined from the Kuhn-Tucker optimality condition.
Numerical examples
Response analysis
This example is to show that the sound barrier model using the level set function is well working.
The scatterer in the sound barrier can be represented by using the level set function as given in Fig. 3 . Lets the material 1 is for the scatterer region, and material 2 is for the other region in sound barrier. Each material property is summarized in Table 1 . The material interpolation is performed as
For the two kinds of wave which propagate to the lower boundary of sound barrier with the angle of 0° and 45°, respectively, three kinds of layered sound barrier models as shown in Fig. 3 are tested. Fig. 4 shows the results of the energy transmittance for each incident angle. Fig. 5 shows the dispersion curves( Fig. 5(a) ) of the infinite periodic domain corresponding to the layer with respect to the First Brillioun zone (Fig. 5(b) ). Since there exists band gap between  2.5 and 3.5 along the A-B which corresponds to the incident wave of 0°
angle, the sound transmittance is reduced. However, for the case of 45° incident wave, three sound transmittances are not reduced on the same frequency region, since there is no band gap region. These facts show that the suggested methodology is working very well in the analysis for sound barrier.
Design sensitivity analysis
The purpose of this example is to verify the derived topological sensitivity expressions. The verification model is the sound barrier with one scatterer layer given in Fig. 3(a) There is a volume constraint for scatter such that volume of ones is less than 50% of the original volume. Fig. 6 shows the optimization results of the level set based and the SIMP optimization for 0° incident wave. As shown in Table 3 , the level set based optimization results are smaller than the SIMP method by 20%. This is because the optimal shape of scatterer using level set result blocks the acoustic energy more effectively than the one using SIMP. Since the SIMP method has a limit to represent boundary distinctly as shown in Fig. 6(b) , the level set based optimization is much reliable.
Three layered periodic sound barrier
This example is to show that our method is applicable to reduce the energy transmittance at a certain frequency region. The volume constraint is 50% of the original one, and the optimization is tables all energy transmittances at given frequency levels are decreased.
Conclusions
In this research, we performed level set based topological shape optimization for sound barrier with scatters. The derived shape design sensitivity is verified comparing with finite difference methods.
Using this sensitivity analysis, the level set based shape optimization was performed. By comparing these results with the SIMP based topology optimization, it was proved that the developed method is well working. The level set method gives better results than SIMP since level set function improves the geometric exactness of scatterers. The objective function defined as energy transmittance guarantees optimum value since it is expressed as an energy quantity. In addition, it is possible to control energy transmittance at a certain frequency range where we want.
